We study the Lorentz invariance of D = 4 and 6 superstrings in the double-spinor formalism, which are equivalent to the D = 4 and 6 superstrings in the pure-spinor formalism in the sense of the BRST cohomology. We first re-examine how the conformal and Lorentz anomalies appear in the D = 4 and 6 Green-Schwarz superstrings in the semi-light-cone gauge in the framework of BRST quantization. We construct a set of BRST invariant Lorentz generators and show that they do not form a closed algebra, even cohomologically. We then turn to the construction of Lorentz generators in the D = 4 and 6 double-spinor superstrings, and show that the Lorentz invariance is again anomalous. We also discuss the relation between the anomaly-free Lorentz generators in the lower-dimensional pure-spinor formalisms and that obtained in this paper.
§1. Introduction
Recently, it has been recognized that the covariant quantization of superstrings using pure spinors 1) can be naturally understood in terms of a Green-Schwarz-like superstring with twice as many fermionic degrees of freedom, the double-spinor (DS) formalism.
2) The superstring in the DS formalism possesses an additional local symmetry, and is classically gauge equivalent to the ordinary Green-Schwarz (GS) superstring. Imposing the semi-lightcone gauge condition on one half of the fermionic variables, Aisaka and Kazama completed a Dirac/BRST quantization of the D = 10 DS superstring, finding that the resulting system is cohomologically equivalent to the PS superstring. * ) In this way, they uncovered the "origin" of the formalism, and, in particular, they derived the previously mysterious seventeen firstclass constraints 4) assumed to clarify the relation between GS and PS superstrings.
In a previous paper, Ref. 5 ), we applied this idea to lower-dimensional (D = 4 and 6) cases.
6), 7) The primary motivation of that work was to understand how the concept of the critical dimension emerges in the PS formalism. We have shown that, starting from similar Lagrangians, D = 4 and D = 6 DS superstrings can be BRST quantized to yield free CFTs similar to the semi-light-cone gauge GS superstrings, along with additional conjugate pair systems and extra constraints. The BRST charges again reduce to those of the lowerdimensional PS superstrings through similarity transformations.
Thus, the DS superstrings "interpolate" between the GS and PS superstrings, but this raises some questions. The GS superstring theories have a Lorentz anomaly in lower dimensional cases, while the PS superstring theories have anomaly-free Lorentz generators.
6), 7)
Where does this difference come from? Then, as a related question, what do "quantum mechanically consistent D = 4 and 6 superstrings" describe?
The DS superstrings are closely related to the GS superstrings in the semi-light-cone gauge.
2) The presence or absence of Lorentz and conformal anomalies for the D = 10 semilight-cone gauge GS superstring was a subject of great debate in the late 1980s and early 1990s. In Ref. 8) , it was revealed that, contrary to the prevailing belief at that time, 9) the D = 10 GS superstring in the semi-light-cone gauge has a non-vanishing conformal anomaly.
Later, it was shown that this conformal anomaly is canceled by introducing a certain local counterterm, and the Lorentz algebras become closed with a suitable modification of the Lorentz generators. 10), 11) This local counterterm can be viewed as a coupling to a certain dilaton background. More recently, the Lorentz invariance of the D = 10 GS superstring in the semi-light-cone gauge has been re-examined and proved using the BRST method.
4)
In this paper, we first examine the conformal and Lorentz anomalies of the D = 4 and * ) See 3) for a different formulation which also relates GS and PS superstrings.
6 GS superstrings in the semi-light-cone gauge. We BRST quantize these lower-dimensional GS superstrings in a manner similar to that for the DS superstring in Ref. 5 ). The key step in this procedure is the modification of the quantum constraints, and we argue that it effectively changes the background from a flat space-time to a linear-dilaton-like one. We then construct a set of BRST invariant Lorentz generators and show that they are not closed, as expected.
Next, we turn to an examination of the Lorentz invariance of the D = 4 and 6 DS superstrings studied in Ref. 5 ). We present a complete set of BRST-invariant Lorentz generators in both cases. We then show that they form the correct Lorentz algebra, except for the commutators between the "i−" generators, which, again, are not BRST exact. Finally, we investigate the relation between these charges and the anomaly-free Lorentz generators in the D = 4 PS formalism described in Refs. 6) and 7).
The organization of this paper is as follows. In §2, we study the conformal and Lorentz anomalies of the D = 4 and 6 GS superstrings in the semi-light-cone gauge using the BRST method. We derive the BRST-invariant Lorentz generators of the semi-light-cone gauge DS superstring and compute their algebras in §3. In the final section, we discuss the difference between the anomaly-free Lorentz generators of Refs. 6) and 7) and those obtained in this paper. §2. The Lorentz invariance of lower-dimensional GS superstrings in the semi-light-cone gauge 2.1. The D = 4 GS superstring in the semi-light-cone gauge
The Lagrangian of the D = 4 Green-Schwarz (GS) superstring is an obvious generalization of the D = 10 GS Lagrangian, 2) with an appropriate spinor structure in four dimensions:
1a)
2)
Here, we employ the notation used in Ref. The fermionic constraints are simply
. Parameterizing the worldsheet metric as 5) in the ADM form, we obtain the Hamiltonian
where
7a)
In fact, all the above formulas can be derived from the corresponding ones in the D = 4 DS formalism 5) by setting all the variables with tildes to zero. Assuming the Poisson brackets
we find that two of the four fermionic constraints are first class, generating the kappa symmetry, and the other two are second class. Imposing the semi-light-cone gauge condition
the kappa symmetry is fixed, and all the fermionic constraints become second class. Then, the only first-class constraints are the left and right Virasoro constraints generated by (2 . 7).
The Dirac bracket can be computed straightforwardly, and the result is identical to the DS superstring given in Ref. 5) , with the variables with tildes replaced by variables without tildes, and T and Π + (≡ Π 0 + Π 3 ) replaced by variables appropriate for the GS superstring.
In this case, unlike in the case of the DS superstrings, the Dirac brackets among X µ and k ν remain canonical; the only necessary modifications are the familiar rescalings 11) which satisfy the relations
We now turn to the quantization of the D = 4 GS superstring. As in Ref. 5 ), we replace the Dirac brackets obtained above with appropriate OPEs. With some rescalings, the left constraint, T 0 + T 1 , becomes the energy-momentum tensor T matter (z) composed of free fields:
The OPEs for the basic holomorphic fields are
Because the central charge of T (z) is 5, the ghost contribution −26 cannot be cancelled in four dimensions. To compensate for the shortage, we modify the energy-momentum tensor T (z) similarly to that in Ref. 5), as
In general, a family of energy-momentum tensors
with a parameter ξ has central charge
. Therefore, the logarithm term correctly shifts the central charge to 26. Using this modified energy-momentum tensor, we can construct a standard nilpotent BRST charge:
Note that although this modification of the energy-momentum tensor may seem ad hoc, it is required even in the D = 10 GS superstring in the semi-light-cone gauge. Indeed, a one-loop analysis reveals the existence of a conformal anomaly of c = −12, including the bc ghosts, which can only be canceled with a special dilaton coupling introduced as a local counterterm. 2 . 19a ) 2 . 19c )
where i, j = 1, 2 and
from the compensating kappa transformation, and the fourth term is required for the BRST invariance. * ) Lorentz generators constructed from these currents all commute with Q GS .
Defining the charges as
20) * ) An analogous term is also needed for the D = 10 GS superstring. In this case, one must add +
it can be verified that they form the D = 4 Lorentz algebra, except for [
is given by 
which is inconsistent. Thus, we have shown that (2 . 21) does not vanish, even cohomologically, and therefore the Lorentz invariance is broken. This is a natural result, because we know that the Lorentz algebra is not closed in the light-cone quantization, and this should be independent of the gauge choice.
The D = 6 GS superstring in the semi-light-cone gauge
The BRST quantization of the D = 6 GS superstring in the semi-light-cone gauge is completely analogous, and therefore we give only a brief summary. Again, the Dirac brackets for the D = 6 GS superstring are derived from the D = 6 DS superstring 5) by similar replacements. The matter energy-momentum tensor is given by
The relevant OPEs are
Again, we modify the energy-momentum tensor tǒ
so that the BRST charge
becomes nilpotent. The BRST-invariant Lorentz generators are found to be
27a)
27c)
It can be verified that they form the correct D = 6 Lorentz algebra, except that
Again, the right hand side is not BRST-exact: As in the D = 4 case, the S-bilinear terms can only arise from a product of cŤ and something proportional to 
and
Here,θ A andθ A are the spinors newly added to the GS superstring, and if they are set to zero, the Lagrangian reduces to that of the GS superstring. Following Ref.
2), we impose the semi-light-cone gauge condition only on the spinors with tildes and compute the Dirac bracket. Then, we obtain a new set of canonical variables with respect to the Dirac bracket, in terms of which the remaining holomorphic first-class constraints read as follows:
5b)
Here, the symbol ∂ represents
are also introduced.
The relevant OPEs among the basic fields are all free:
Again, the algebras of the constraints (3 . 4) are not closed, due to the presence of multiple contractions in the OPEs, and this prevents us from constructing a nilpotent BRST charge.
To remedy this, as in Ref . 2), we modify the constraints as
The additional terms above can be viewed as arising from the normal-ordering ambiguities of the constraints, and the precise values of the coefficients have been determined so that the algebras are closed. One can verify that these modified constraints have the OPĚ
without higher singularities, and is regular otherwise. In this way, we obtain a set of firstclass constraints which can be used to construct a nilpotent BRST charge in a conventional manner asQ
Here, b and c are the usual fermionic ghosts, satisfying
while λ α andλα are unconstrained bosonic spinor ghosts, a part of which is identified as the pure spinor ghosts after the similarity transformations described in the next section. * )
Let us now consider the Lorentz generators. All of them but N i− are obtained by adding generators constructed from p, θ, λ and ω, the conjugate of λ, with
to those of the GS superstring in the semi-light-cone gauge,
The generator N +− also contains a contribution from the bc-ghost. This is because that these ghost fields are not Lorentz scalars, which can be seen from the form of the BRST charge (3 . 9). On the other hand, N i− involves extra terms coming from the compensating κ symmetry, and also other terms for the BRST invariance. The result is
Note that the D = 4 pure spinor condition implies λ α = 0 orλα = 0, treating them as independent quantities (rather than complex conjugates), as usual in the PS formalism.
With the exception of [M i− , M j− ], these generators form the correct D = 4 Lorentz algebra:
We can show that the right hand side cannot be written in a BRST exact form as follows. First, suppose that all the terms in (3 . 17) could be written in the form
for some (parent). Then, note that (parent) cannot contain ω α orωα, because (3 . 17) contains neither ω α andωα nor p α andpα, which necessarily follows from the contraction with λ α d α + λαdα. In analogy to the previous section, let us focus on terms that do not contain any of λ,λ, ∂θ and ∂θ:
This contribution could only arise from contraction with cŤ , and thus (parent) must contain b. Taking into account the π + dependence of (3 . 19), the SS terms can only arise from the OPE between terms of cT (≡ cT 0 ), that are independent of both ∂θ and ∂θ, and ǫ ij SS π + . However, we find
which is inconsistent with (3 . 19). Therefore, the commutator (3 . 17) is not BRST-exact. Thus we have shown that the D = 4 DS superstring has only partial Lorentz invariance, like the D = 4 GS superstring in the light-cone or semi-light-cone gauge.
The D = 6 DS superstring
The Lagrangian of the D = 6 DS superstrings is similarly given by 
where a andȧ are the spinor indices of the transverse rotation SO(4) ∼ SU(2) × SU(2).
The SU(2) MW condition is given by
After some field redefinitions, we find that the constraint generators are classically given
where the super-covariant currents d I α and π µ are defined by
The redefined fields are free and satisfy the relations
Including quantum corrections, we defineĎ
30b)
The BRST charge can be straightforwardly constructed from this constraint algebra as 
The BRST charge given in (3 . 32) is exactly nilpotent.
Using the light-cone decomposition, it is convenient to use the rewritten forms
where we have used the notation
35a) Using these 2×2 matrices, we also define
The Lorentz generators, except for N i− , can be easily obtained as
37a)
37b)
The remaining generator N i− is given by
The integrated generators
are BRST invariant, satisfying [Q, M µν ] = 0, and form the Lorentz algebra, except for On the other hand, we find between the lower-dimensional PS and non-critical superstrings.
12) It is also interesting that the χ field becomes a normal scalar in the critical (D = 10) case. However, the meaning of this observation is yet unclear.
We showed in Ref. 5 ) that the physical spectra of the D = 4 and D = 6 DS superstrings coincide with those of the pure-spinor (PS) formalisms in the same numbers of dimensions.
Let us now compare the Lorentz generators given in Refs. 6) and 7) and ours obtained in the DS formalism. In four dimensions, the necessary similarity transformations relating the BRST charges of the two D = 4 theories are The D = 4 PS superstring has an anomaly-free set of level-1 Lorentz currents. If they are similarity-transformed back to the DS theory by using the above X, Y and Z, they do not coincide with the Lorentz generators we considered in the previous section. This is obvious, because the Lorentz generators in the PS formalism do not act on the BRST-quartet fields decoupled through the similarity transformations. This can also be verified by an explicit calculation. Thus, we conclude that, although the generators of the PS formalism realize a representation of the D = 4 Lorentz group on the PS fields, they are not directly related to the symmetries of the DS Lagrangian. A similar statement holds in the D = 6 case.
